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1. Introduction 



pi |. It is well understood that general relativity (GR) and its extension with torsion, the Einstein-Cartan 

<i;^ ; theory (E-C), are invariant under internal local Lorentz transformations (£4), the spin connection w^tab and 

the tetrads (coframes) (or rather the displaced fields i?^" = — e^°) being respectively the rotational 
and translational gravitational gauge potentials (Hehl, 1985; Hayashi, 1977). Then, the group of symmetry 
of both theories is the semidirect sum C4 T>, with V the group of general coordinate transformations 
^ , (O'Raifeartaigh, 1997). 

I ' However, the internal symmetry group is in fact larger, since translations T4 are naturally included, 

leading to P4 = Ti £4, the Poincare group. Then, the total symmetry of GR and E-C, as gauge theories, 
turns out to heViQV (Feynman, 1963; Hehl et al, 1976; Mc Innes, 1984; Hammond, 2002). The problem 
with the proof of this fact has been, historically, the apparent difficulty with the treatment of translations 
as part of the gauge group, that is, as vertical transformations of a bundle. If for a translation one writes 
. x^^ x'^^ = a;^ + £,{x), one is not considering it as a 'P4-gauge transformation, but instead as an element 

10 ' of T). The appropiate treatment of gauge translations is in the framework of the bundle of Poincare frames 

^ ! over space-time, T^^^: V4 -J- ^ M^. 



. This has been discussed by several authors (Smrz, 1977; Gronwald, 1997, 1998), and it is the purpose of 

' this note to present an even simpler proof of this fact. On the one hand, at the global level, we show, using 

general theorems of connections (Kobayashi-Nomizu, 1963), that there is a 1-1 correspondence between affine 

Poincare connections wp in J^^a and pairs {9l,<jJl)-> with 6l the canonical form and ujl a connection on the 

bundle of Lorentz frames J"f^4: Ci F^M^ ^ M*. On the other hand, locally we show the invariance 

I under 7'4-gauge transformations of the Einstein- Hilbert action for pure gravity, and the Dirac-Einstein action 

H ' for the coupling of gravity to the Dirac field. 

■ 

In section 2, we describe basic features of a U4 space-time. In section 3, in the language of tetrads and 
spin connection, we review the E-C equations for pure gravity and for gravity coupled to the Dirac field. 
Lorentz and Poincare invariance are discussed and proved in sections 4 and 5, respectively. Finally, in section 
6, we discuss the nature of a shifted tetrad field, and comment on the difficulty of interpreting the theory in 
terms of an interaction tetrads-spin connection. 

2. The space-time 

We assume that space-time is a 4-dimensional Lorentzian manifold with a connection F compatible 
with the metric i.e. Dj^g^p = 0, but not necessarily symmetric; a U4 space-time. Then, F"^ — (Flc)"p+A'"^, 
where F^c is the Levi-Civita connection with coordinate components (rLc)"f_i — ^g""' {dugiia + d^^g^cr — 
d^g,^), and K^^ = {Ka)1^ + {Ks)1^ is the contortion tensor, where {Ka)1^ = T^^, = -T^, = ^(r^^-F^J = 
^{n v\ torsion tensor, and Ks^ its symmetric part, has components {Ks)'^i, = g°'''{Tpp_gxu + Tp^gxp). 
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In terms of the tetrads = Ca'^d^ and their dual coframcs e° = e^^da;^, obeying Ca^e^^ = 5\ and 
So'^ej/" = (5^, and the spin connection 1-form cj"b = w^^da;'', F is given by r^;^ = ea'^d^ex"' + Cc'^eA^w^a 
with inverse wj^^^ = ep'^d^Ca'' + Cp'^'ea'^r^j^ (CarroU, 2004). For the metric, one has gf_iu{x) = ??a&e^"(x)ey''(x), 
where x € M'^ and ?7af, = diag{l, —1, —1, —1) is the Lorentz metric. Each metric g^^ is in 1-1 correspondence 
with an equivalence class of frames [e^^]: if Bc'^ is in the class, then e^^ = ha'^ej^ with ha'^ in the Lorentz 
group £4; for the coframes e^" = e^'^/ij^". Thus, the Co'^'s and the e^"'s are both Lorentz vectors in the 
internal or gauge (latin) indices, and respectively vectors and 1-forms in the local coordinate (world) indices. 
The metric character of the connection implies LOab = —i^ba (for latin indices, Xa = rjab^^ and X'' = rf'°'Xo). 
The torsion and the curvature of the connection are given by = de°' + (jj°'b A = ^T'^^i^da;'* A dx" 
with = 9^e," - 9,e^" + uJl^,e,^ - a;°(,e^^ and = d^'^b + A = \R''b|,udx^' A dx'' with 

3. Einstein-Cartan equations 

Consider first the case of pure gravity ("vacuum"). The Einstein-Hilbert action is 

Sg = j d^x eR (1) 



where e = sJ—detQuu = det{ev"'), and for the Ricci scalar one has 

R = ri"'R\>..ea''ec''. (2) 

Variation of Sq with respect to the spin connection and the tetrads lead, respectively, to the Cartan 
equation for torsion and to the Einstein equation: 



So^Sg = 



ot: 



SeSa = 

with 



T^^ + ea^n - ec^Ta = (3) 

r;, + s;t, - s'^t, = o. (3a) 

G% = (4) 

G% = R'\. - ii?e/, (5) 

where ^ = r]°-^Rbn = v"'^ R'^bi'ne-c^ ■ In vacuum i? = 0, then 

i?% = 0. (5a) 

In this case, torsion vanishes, since taking the v — a trace in (3a), for the torsion vector one obtains 
Tp = = and therefore, by (3a) again, 

K = 0. (6) 
Thus, for the pure gravity case, E-C theory reduces to GR. 

The coupling of gravity to Dirac fermions is described by the action 

Sd-e = kjd^x eLo-E = k j d^x e {'-{^^''{Daip) - (5a^)7» - m^'V') (7) 



where 



Dai^ = {Sa - ^iOabcT'^)^ = €^"{8^ - ^.bc'j'"')^ = Ba^D^^J (8) 



and 



are the covariant derivatives of the Dirac field tp and its conjugate tp = tp^'jo with respect to the spin 

connection, which give the minim,al coupling between fcrmions and gravity, a^'^ = -^[y^ -.'j'^], and the 7"'s are 
the usual numerical (constant) Dirac gamma matrices satisfying {7", 7''} = 2r]°-^I, 7°t = 7° and 7-'^ = — -yi. 
k = — 167r^. Variation with respect to the spin connection, 

with 5"'"= = ea'^S"'"', where 

S'"'"^ = ivi{7",a'"=}V (10) 

is the spin density tensor of the Dirac field. S"'^" is totally antisymmetric and therefore has 4 independent 
components: S°'^ S'^\ S^^° and S^°\ 

Combining this result with the corresponding variation for the pure gravitational field, we obtain 

= S^{Sg + Sd-e) = Jd^xe <5w."^(T„^, + Ca^T, - e.^Ta + ^^^J (11) 

and therefore 

k 

rpu , vrp _ urp _ _ _ 

■^ac^'^a J. a — 2 oc' 

the Cartan equation. Multiplying by ep^e^^ one obtains 

t^^ + s;t,-s^,t, = -^s;, (12) 

with 

The solution of (12) gives the torsion in terms of the spin tensor. 

Tp. = ^(S;. + liS;S, - KS,)) (13) 
with Sp = S^^. (In natural units, G = c = = 1 and so Tj^^ = 87r(S';^ + ^{S'^^S^ - S^Sp)).) 
Finally, variation with respect to the tetrads, 

SeSn-E = k [d^xe C-i^r{D^^) - {D^i;)ri^) - ep,''LD-E)Sea^ ■ 







'2 

For the Dirac fields which obey the equations of motion 

SSd-e _ SSd-e 
S-ip Sip 



I.e. 

i'y°'{Da'ip) + mV> = i^'^Datp - mip = 
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the Dirac-Einstcin lagrangian vanishes i.e. Lu-Eleq. mot. = 0. Then, combining this result with the corre- 
sponding variation for the pure gravitational field, 

= 6e{SG + Sd-e) = Jd^xe {2R% - i?e^« + A;|(^7«(£)^^) - (5^V^)7V))'^e„'*, (14) 

and from the arbitrariness of Sca^, 

R\ - ^J?e/ = ~T\ (15) 

with 

T% = ^(^7"Pm^)-(^p^)7» (16) 
the energy-momentum tensor of the Dirac field. Multiplying (15) by e^" one obtains 

R\-\r6';^-\t\ or R^^-^Rg^^^-^Tx^, (15a) 

the Einstein equation in local coordinates. 

Note: For Ld-e one has 

Ld-e = ea^T% - mijip 
i.e. T"^ couples to the tetrad. On the other hand, 

Ta Aa I , , Qabc 

H — O fj, + UJfj^bc^S 

where 

^% = |(^7"5^^-(S^V^)7V) 
is the canonical energy-momentum tensor of the Dirac field. Then, 

Ld-e = ea^()\ + Ca^w^^c^'^''" - mV^V' = + Wabc^"''" - mV^V'- 

So, Q'^ ^l couples to the tetrad while spin couples to the spin connection; moreover, since S'"'"^ is totally 
antisymmetric, the Dirac field only interacts with the totally antisymmetric part of the connection. 

4. Lorentz gauge invariance 

Under local Lorentz transformations hj'ix)^ tetrads and coframes transform as indicated in section 2; 
as a consequence, the coordinate invariant volume element d^x e is also gauge invariant: in fact, 

g,xu{x) = riabe^r{x)e^''{x) = rjabe^ = e^ rjabh^ = e^ rjcd = gi^Ax) 

implies e'{x) — e(x), and since x'^ = x^, then d'^x e = d'^x' e' . 

On the other hand, the transformation of the spin connection is given by 

uj\ = /icV'-d/i-i' + {dhj)h-,'", (16) 
which is not a Lorentz tensor. Its curvature, however, is a Lorentz tensor: 

R\ = h^h-^^R'^d, (17) 
and therefore the Ricci scalar is also gauge invariant: 

R = R\eaV^'ec = hb'^R"'dh-^\J e'^v^^hg^e'i = R'^'dS^e'^v'^^e'i = R^dey's'i = R'. (18) 
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Then, Sq is Lorcntz gauge invariant. (A direct and more explicit proof of the gauge invariance of R is given 
in Appendix 1.) 

The part of the action corresponding to the coupHng of gravity to the Dirac field, Sd-e, is automatically 
local Lorentz invariant, since it is written in terms of the covariant derivatives Datp and -DqI/S. 

5. Poincare gauge invariance 

5.1. Global analysis 

The afline group GAiiR) = { ( g 1 ) ' ^ ^ GLiiR), ^ e M^} acts on the afline space A"^ = { ^ ^ ^ , A e 
M*} in the form 

GA4(M)xA^^A^ ((j (19) 
Then, one has the following diagram of short exact sequences (s.e.s.'s) of groups and group homomorphisms: 

M4 ^ GA4(]R) ^ GLiiR) 

Id t 1 1 1 1 

^ A P4 ^ A ^0 

with /x(^) = ^ andzv(^Q = /x is 1-1, is onto, and A;er(zv) = Jm(/i) = {^"^^ l)'^^ 

We have also restricted /i and v (respectively /i| and z^j) to the connected components of the Poincare (P4) and 
Lorentz (£4) groups. Both s.e.s.'s split, i.e. there exists the group homomorphism p : GL4{M.) GA4(M.), 

9 ^ pig) ~ ^0 1) restriction p\ to £4, such that v o p = IcLqi^^^^-^ and v\o p\= Idc^- So 

GA4(M) = © GL4(K), = © Ci (20) 

with composition law 

{\',g'){\g) = {\' +g'\,g'g). (20a) 
The above s.e.s.'s pass to s.e.s.'s of the corresponding Lie algebras: 

_> M4 3^4 (M) ^ gl 
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/d t t t <■ 

^ A P4 ^ I4 ^0 

with gl4(R) = M(4), 5a4(R) = © g?4(IR) with Lie product 

(A', i?')(A, i?) = (i?'A - RX', [R', R]), (21) 

where [R',R] is the Lie product in gUiM.) and [A'. A] = in W. /},(0 = (C,0), £^(C,i?) = i?, and p{R) = 
{0,R). fi, v and p (and their corresponding restrictions i>\ and p\) are Lie algebra homomorphisms, with 
V op = Idgi^(]^-) and i'l o p| = Idi^. The s.e.s.'s split only at the level of vector spaces i.e. if (A, R) e ga4{W), 
then {X,R) = jl{X) + p{R), but {X,R) ^ il{X)p{R). 

If Tm^ : GL4 FW^ ^ and .4m4 : GA4 ^M^ ^ are respectively the bundles of linear 
and affine frames over M*, where FM^ = UxeM^{{x} x {FM^)^) with (FM^)a; the set of ordered basis 



= (vi,,...,W4.) of T,M\ and AM^ = U^eM^W-} x AM^) with AM^ = {(i'^r,), e AxAf^, e 
{FM'^)x}, where A^M'^ is the tangent space at x considered as an affine space (Appendix 3), then one has 
the following bundle homomorphism: 



AM'^ X GAi 










AM'^ 


^ 7 




TTA i 













where P{x,{va:,r:,)) = {x,ra:), ^yix^r^) = (x, (0^;, r^;)), G T^M", ipF{ix,ra:),g) = {x^r^g), and 

i^Aiix, (i)x, rx)), 5)) = {x, {vx + r-x^, r^g)). (22) 

A general affine connection (g.a.c.) on is a connection in the bundle of afBne frames ^m*; let cja 
be the 1-form of this connection, then uia € r(T*AM^ (g) 504). Prom the smoothness of 7, the pull-back 
j*{iOA) is a 504- valued 1-form on FM^: 

7*(wa) = V©wf, (23) 

where is a connection on FM^, and if is an R^-valued 1-form. There is a 1-1 correspondence between 
g.a.c.'s on AM'^ and pairs {cop, V>) FM^: 

{'^ a] g.a.c. < > {(l^F, V)}- (24) 

UJA is an affine connection (a.c.) on if ip is the soldering (canonical) form Ofm'^ (see Appendix 2) 
on FM^. Then, if is an a.c. on AM'^, 

Y{0Ja) = OpM'^ OJF- (25) 

There is then a 1-1 correspondence 

WA}a.c. < — > {wf}, (26) 
since Ofm'^ is fixed. Also, if SIa is the curvature of oja, then 

7*(f^A) =£'"^6'©f^F = TF0fiF (27) 

since D^^Ofm-^ = Tf- the torsion of the connection wf on FM'^. 

We now consider the following diagram of bundle homomorphisms: 



TTA i 

where tta] = ttp, ttf] = ttl, = V'p and tpF\ = i'L, where and V'l are the group actions in the Poincare 
and Lorentz bundles, respectively. 





F^M^ X £4 


^ FM^ X GLi 




4, VfI 








FW^ 
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The facts that is a subbundle of AM'^ and F^M'^ is a subbundle of FM^, with structure groups 

and Lie algebras the corresponding subgroups and sub-Lie algebras, and the existence of the restrictions 
/3| : A^M'^ ^ F^M'^ and 7I : F^M'^ A^Ad^, allow us to obtain similar conclusions for the relations 
between afHne connections on the Poincare bundle and linear connections on the Lorentz bundle: 

There is a 1-1 correspondence between afBne Poincare connections ujp on F^M'^ and Lorentz connections 

on F^M^: 

{lop} ^ {lol} (28) 

with 

-i\*{ujp) = eLQujL (29) 
where 6l = &fmAf''M* is the canonical form on F^M^. Also, 

^\*{^p) = D'^^eLQnL=TLQnL. (30) 

So, there is a 1-1 correspondence between curvatures of afEne connections on F^M^ and torsion and curvature 
pairs on F^M^: 

{ftp} ^ {{TL,nL)}. (31) 

For pure gravity governed by the Einstein-Hilbert action, Tj, = 0. 
5.2. Local analysis: invariance of the actions Sg and Sd-e 

To explicitly prove the Poincare gauge invariance of GR and E-C theory, we have to consider as gauge 
transformations both the Lorentz part, already studied in the previous section, and the translational part. 
This last has to be done using the bundle of Poincare frames J^^i . 

A gauge transformation or vertical automorphism in an arbitrary principal G-bundle ^ : G — >■ P B, 
is a diffeomorphism a : P ^ P such that i) a{pg) = a{p)g and ii) 'K{a{g)) = Tr{p), for all p G P and 

g G G. Therefore, from ii), a{p) = pk for some k ^ G. Then there is a bijection Autyert{P) ^eq{P,G), 
$(q;) = 7a with a{p) = p^a{p) and ^aipg) = g~^la{p)g', for the inverse, 7 i->- a.y with aj{p) = pj{p)- 

The action of V4 on A^M^ is given by 

tPp : A^M^ xPi^ A^M^ i)p{{x, (v., r,)), (C, h)) = {x, {v^,r^)){^, h) = {x, {v^ + r^^, r^h)) 

= {x,{<y.)\ (32) 

where = {cax), o, = 1,2,3,4, is a Lorentz frame, h £ £4, and ^ € = M^'^ is a Poincare gauge 
translation. For a pure translation, h = II i.e. hj^ = dj" and therefore 

{x, {va;,rx)){^,lL) = {x, (wx +rxC,r-x/i,)) = {x, (wx + ^x^, r^x)) 

i.e. 

r-L = rx. (33) 
Therefore e^^, = Cax, a = 1, 2, 3, 4, and then, from the definition of w^;, in section 2, 

= (34) 

since T^^ = {Tlc)^p + K^^ remains unchanged (in the case of pure gravity K\^p = 0). So the coordinate 
Ricci scalar R is also a gauge scalar, and therefore Sq is invariant. 
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By the same reason invoked in the case of Lorentz gauge invariance, Sd-e is also invariant under 
translations: in an arbitrary G-bundle P with connection w, a section s of an associated bundle and its 
covariant derivative D" s transform in the same way. 



The Poincare bundle extends the symmetry group of GR and E-C theory to the semidirect sum 

Ggr/e-c = ViQV, (35) 

with composition law 

{{^',h'),g'm,h),g) = {{^',h'){g'{^,h)g'-'),g'g). (35a) 
The left action of V on V4 is given by the commutative diagram 

with 

g : A^M' ^ A^ M\ {x, (e^.'^^U))) ^ {x, {vT^U, (^-"^9^))), (36) 

where = and e^,'- = f^Ue„/. 

6. Gravitational potentials and interactions 

It is usually said that the coframes — e^'^dx^ arc the translational gravitational potentials (Hehl, 1985; 
Hehl et al, 1976; Hammond, 2002). This is not strictly true since these fields are not gauge potentials, but 
tensors, both in their Lorentz (a) and world (/u) indices: see section 2 and (Hayashi, 1977). The translational 
gauge potentials are the 1-form fields B^"' locally defined as follows (Hayashi and Nakano, 1967; Aldrovandi 
and Pereira, 2007): 

where = Yl^a=Q'^x^a.x € A^M'^ (section 5.1.); the u°'s are here considered the coordinates of the tangent 
space at x. A straightforward calculation leads to the following transformation properties: 

Internal Lorentz: 

V = /i^X*" - a^(/i6>^ or B"' = hb''B^-{dhb'')vl (38) 
General coordinate transformations: 

Internal translations: 

B/°=B/-a^e" or B'" = B" - d^," . (40) 

Then, B = B^dx^^ = B^'^dx^ba, where ba, a = 0, 1, 2, 3, is the canonical basis of M^, is the connection 1-form 
corresponding to the translations. 

In terms of the B^" fields and the spin connection, the Ricci scalar (2) is given by 



If one intends to use this Lagrangian density as describing a {B^"" ,uj'^^) (or (eju",C(;^^)) interaction (Randono, 
2010), then immediately faces the problem that the i?^" (or e^") does not have a free part (in particular a 
kinematical part), since all its powers are multiplied by w's or cJw's. So an interpretation in terms of fields 
interaction seems difficult, and may be, impossible. 
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Appendix 1 

The Ricci scalar is given by 

R = rf"'ea^ea''{d^ul^ - d^^l, + c.^.^^, - a;^,a;^,) = »7'''e„'*e/((7) - [5] + (a) - 
with (7) = d^^ujlf^, {5) = d^i^lf^, {a) = uj^^ujlt,, and (/3) = ujI^uj^^. 
Under the transformation 

we have: 

(a) = (o) + (6) + (c) + {d) with 

(c) = l'^) = {d^hJ)K'''{d,hnh-''; 

(/3) = (e) + (/) + (g) + {h) with 

(e) = K<^io'JgK'''hi,'uj;ih-'\ if) = h,^io'Jgh-'''{d,hi,')h-'\ 

(7) = [1] + [2] + [3] + [4] with 

[1] = h-h;'''{d^oj'*J, [2] = u;l'„d^{h,-h;'\ [3] = {d,d.h,^)h-'\ [4] = {d.h,^){d^h-'y, 
and (S) = [5] + [6] + [7] + [8] with 

[5] = h'h-'''{d^u;'^i), [6] = uj'^Mh'hj'"), [7] = {d^dX)K'\ [8] = {dX)id^K'y 

Now, 

[3] - [7] = id^d^h^h-^'' - id^d^h^i'" = 0, 

(b) + (c) = oj^ih-'^d^' - < va^/iji", 

(/) + (5) = </iJ^°9^/i6^ - /i-i"; 
so 

+ (c)) - ((/) + (5)) = i^^Mhr'^'h') - 
also, 

[2] - [6] = uj%d^ih,<>Kn - to^Mhbh-n-, 
then 

(W + (c))-((/) + (5)) + ([2]-[6])=0. 
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Also, 

[4] - [8] = {d,hi}){d^hi'") - {d^h'Xd^h;^") 
and 

id) - (h) = {d.hi'''){dX) - {d^hi'''){d.ht,'y, 

so 

m-[8]) + m-{h)) = o. 

Finally, 

[1] - [5] + (a) - (e) = h'hj'^d^iv'Ji - d^u;';, + - w^f.^;). 

Therefore, 

R = rf>''e^^^eJ^h,'K^\d^uj',\-d.uj'^i+uj%uj';i = V*e/''ei'-(aXl -^.^^ +«; -<<;) 

= R'. 

Appendix 2 

The soldering or canonical form on the frame bundle Tm^ of an n dimensional differentiable manifold, 
is the ]R."-valued differential 1-form on FM" given by 

e : FM^ ^ T*FM" (g) R", {x, r,) ^ e{{x, r,)) = {{x, r,), 

with 
i.e. 

where ttf is the projection in the bundle J-m" : GZ/„(R) — >■ FM" M" and is the vector space 
isomorphism 

n 

fx-.R^'^T^M, (Ai,...,A")^f,(Ai,...,A") = ^A*t;i, 

with inverse 

n 
i=l 

In local coordinates {xP,XI^) on !Fu, 

n 

= J2{x-')^dx'' 

with (X-i);j(a;,r^) = (X/f (a;, r^))-i = «^)"\ where = {vi^, . . . ,Vnx) and ■y^j, = E^=i<xaf;rU- Then 
Qa ^ ^^aQi^ ^ Cf^'^iX-^y^x" = = e^^dx" = e"; so, if ujf is a connection on TW", then 

D'^^O" = dO" + uj1rf,e'> = is the torsion of wf- 

Appendix 3 
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An affine space is a triple {V, ip, A) where V is a vector space, A is a set, and <p is a free and transitive 
left action of V as an additive group on A: 

<p -.V X A^ A, {v,a) 1-^ V + a, 

with 

+ a = a and {vi + V2) + a = vi + {v2 + a), for all a G A and all vi,V2 G V. 

Then, given a, 0/ E A. thcire exists a unique v gV such that a' = v + a. Also, if vq is fixed in V, (fiy^ : A ^ A, 
fvoio) = ^{vo,a) is a bijection. 

Example. A = V: The vector space itself is considered as the set on which V acts. In particular, when 
V = TxM^ and A = T^M'^, the tangent space is called affine tangent space and denoted by A^M"-. The 
points "a" of A^M" are the tangent vectors at x. 
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